I. INTRODUCTION
Domain wall motion is one of the key magnetization reversal processes in magnetic materials and forms the basis of several concepts for memory 1 and logic 2 devices. Domain walls can be driven by an external magnetic field or spin-polarized current and, depending on the magnitude of the driving force, distinctive modes of wall motion can be activated. [3] [4] [5] [6] [7] [8] Motion at the low energy side of the excitation spectrum is known as creep. This is a thermally activated state, which is characterized by small wall velocity and considerable wall roughness. A transition to viscous slide motion occurs when the driving force exceeds the depinning strength. In this case, the wall velocity is proportional to the external field via the domain wall mobility, which in turn depends on internal wall dynamics as predicted by theoretical models [9] [10] [11] and confirmed by experiments on magnetic nanowires. [12] [13] [14] [15] In most studies, the motion of domain walls is analyzed using magnetic field or current pulses. A less explored feature of magnetic domain walls is their dynamic response in alternating fields. Under ac excitation (H = H 0 cosωt), both domain wall creep and slide can be activated and this results in distinctive dynamic modes which not only depend on field amplitude but also vary with driving frequency. [16] [17] [18] [19] Moreover, additional states such as domain wall relaxation at low frequency/small fields and magnetic switching at fields exceeding the coercivity (H 0 > H c ) may appear in ac spectra. Detailed investigations of these dynamic modes are relevant to potential applications based on magnetic domain wall motion and, as they represent a more generic feature of ac-driven elastic interfaces in weakly disordered media, might also provide insight into the dynamics of other physical systems. Related examples include domain walls in ferroelectric materials, 19, 20 a) Author to whom correspondence should be addressed. Electronic mail:
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vortices in superconductors, 5 and charge density waves in materials with a highly anisotropic band structure. 21 Magneto-optical Kerr effect susceptometry is a versatile tool in modern magnetics materials research. This ac technique, which combines ease of implementation, low cost, and high sensitivity, has been utilized in studies on magnetic phase transitions [22] [23] [24] and magnetic domain responses 25, 26 in thin and ultra-thin magnetic films. Moreover, it has been shown that the imaginary Kerr signal provides additional information on energy absorption in magnetic systems. 26, 27 Here, we extend the use of magneto-optical Kerr effect susceptometry to direct probing of domain wall dynamics in alternating driving fields. The setup allows for low-noise measurements of the complex Kerr signal (V Kerr = X -iY) as a function of field amplitude (H 0 ) and driving frequency (f = ω/2π ). Because the measurement signal is directly proportional to the magnetic susceptibility (V Kerr ∼ χ H 0 ), it contains all its characteristic spectral signatures. [17] [18] [19] This is most apparent when the data is plotted in the Cole-Cole representation (Y vs. X). 28 In this case, the distinctive dynamic modes are indicated by well-defined linear and circular segments as schematically illustrated in Fig. 1 . A Cole-Cole plot of the Kerr signal can therefore be considered as the fingerprint of domain wall dynamics in magnetic thin films. In addition to a qualitative analysis of dynamic modes and phase transitions, the magnetooptical Kerr effect susceptometer can also be used to extract important physical parameters. Using two magnetic samples with different anisotropy configurations, we demonstrate that the polydispersivity exponent of domain wall creep (β), the depinning field for slide motion (H d ), and the domain wall mobility (μ w ) can be determined.
II. EXPERIMENT AND SAMPLES
The magneto-optical Kerr effect susceptometer consists of a HeNe laser, polarizing optics (Glan-Thompson prisms with an extinction ratio of 5 × 10 −6 ), a high-speed silicon photodiode, a variable gain low-noise current amplifier (Femto DLPCA-200), and a lock-in amplifier (Stanford Research Systems SR830 DSP). The ac magnetic field is generated by a water-cooled Helmholtz coil with a low inductance of 23 μH. The coil is driven by a Kepco power supply and a function generator and the maximum field amplitude amounts 14.4 mT. Rotation of the Helmholtz coil allows for the application of in-plane and out-of-plane magnetic fields. The driving frequency can be varied by more than four orders of magnitude from 0.5 Hz to about 10 kHz. The Kerr signal (V Kerr ) is measured by current-to-voltage conversion with a gain of G = 10 7 V/A and lock-in amplification of the photodiode output. The photodiode has a responsivity of about 0.35 A/W. In the experiments, the polarizing optics is set to an angle of θ ≈ 2
• from extinction, which, together with the other experimental conditions, produces a noise level of ≤0.5 μV in the entire frequency range.
For an arbitrary magnetization reversal process, the measurement signal can consist of longitudinal, transverse, and polar Kerr components. 29 If, however, the magnetization is aligned along a single axis by uniaxial magnetic anisotropy, one specific Kerr configuration can be selected. In the case of pure polar or longitudinal effects, the Kerr signal is linearly proportional to the magnetization component along the applied field direction, i.e.,
Here, r and K are constants that depend on the magnetooptical response of the sample, the polarizer and analyzer angles, and the amplification settings. For ac magnetic fields (H = H 0 cosωt), both M(t) and V Kerr (t) are periodic functions and, hence, they can be written as Fourier series. The lock-in amplifier measures the first Fourier component of the Kerr signal, which for the in-phase and out-of-phase components are given by
Prior to the Kerr effect susceptibility measurements, a magnetic domain pattern is generated using a demagnetization process. The dynamics of the magnetic domain walls is subsequently analyzed by recording the X and Y signals at constant magnetic field amplitude (H 0 ). During these measurements the driving frequency is decreased in steps, typically from 10 kHz to 1 Hz. Plots of the data in Cole-Cole representation (Y vs. X) immediately reflect the active dynamic modes under the selected experimental conditions. This procedure is repeated for other H 0 . A separate Kerr magnetometer and Kerr microscope (Evico) are used to measure quasi-static magnetic hysteresis curves and to image the magnetic domain pattern after the demagnetization process.
To test the magneto-optical Kerr effect susceptometry method, we used two samples. The first is a 2 nm Pt/[0.4 nm Co/2 nm Pt] 5 multilayer with perpendicular magnetic anisotropy. This multilayer was grown on a Si/SiO 2 substrate by magnetron sputtering at room temperature. The second sample is a 40 nm thick and 400 μm wide Co wire with a transverse growth-induced uniaxial magnetic easy axis. The Co film was deposited by electron-beam evaporation and the wire was patterned using photolithography and lift-off. Figure 2 summarizes the results for the 2 nm Pt/[0.4 nm Co/2 nm Pt] 5 multilayer with perpendicular magnetic anisotropy. The demagnetization process results in an irregular domain pattern as illustrated by the Kerr microscopy image. This type of domain structure balances exchange, anisotropy, and dipolar energies in perpendicular magnetic systems. 30, 31 The size of the domains ranges from about 1 to 5 μm. The magnetization reversal process in a slowly varying magnetic field is rather gradual and proceeds by inverse domain nucleation and relatively slow domain wall motion. The quasi-static magnetic hysteresis curve in Fig. 2(b) indicates that the reversal process commences at an applied field of 6 mT and that the magnetization saturates at about 10 mT.
III. ANALYSIS

A. Domain wall creep
The active dynamic modes in this sample are analyzed using the magneto-optical Kerr effect susceptometer. In these measurements the demagnetized state, which is shown in Fig. 2(a) , is used as starting point. Contrary to magnetic hysteresis, domain nucleation is therefore not required to initiate a magnetic response. In the susceptibility experiments, a signal is measured when the out-of-plane ac magnetic field thermally activates back and forth motion of the existing domain walls. The Cole-Cole plots in Figs. 2(c) and 2(d) summarize the results for different magnetic field amplitudes. At high driving frequencies, the domain walls remain pinned and ( ( ( ( (a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a a) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) X = Y = 0. Both the in-phase and out-of-phase components of the Kerr signal start to increase when the frequency is decreased. The initial slope of the Y vs. X curves is 1 (Fig. 2(d) ), but at lower frequency and higher field amplitude it increases to about 2.5 ( Fig. 2(c) ). The change in slope signifies a gradual transition from thermally activated domain wall creep to slide-like motion with lower domain wall resistance. Pure viscous domain wall slide, however, would result in a fully imaginary signal which is not observed for this sample. The main reason for this is the large lateral variation in perpendicular anisotropy strength due to small but significant thickness variations in the thin Co layers. This produces a high density of domain wall pinning sites with a large distribution of pinning strengths and, as a result, a gradual magnetization reversal process. Pure slide motion in such disordered samples requires an applied magnetic field that well-exceeds the depinning field for domain wall motion as illustrated by experiments using ultrafast magnetic field pulses. 6, 8 In our ac-driven measurements, the dynamic range is limited by a transition from slide-like motion to full magnetization reversal. In the Cole-Cole plots, this transition is indicated by a change in the shape of the curve from linear at high frequencies to circular at low frequencies.
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For the 2 nm Pt/[0.4 nm Co/2 nm Pt] 5 multilayer, thermally activated creep motion at the low energy side of the excitation spectrum, i.e., for small field amplitude, can be analyzed in more detail. In this dynamic regime, the complex Kerr signal can be written as [17] [18] [19] 
Here, β is an empirical polydispersivity exponent, τ is a characteristic relaxation time, and V ∞ is the limiting Kerr signal for ω → ∞. From theoretical models, [3] [4] [5] it can be derived that the creep exponent satisfies the relationship β = (2 -2ζ )/z, 18 where the exponent ζ is an indication of the domain wall roughness and the exponent z describes the dynamic response of a domain wall in an applied magnetic field. For a one-dimensional wall in a two-dimensional thin magnetic film, the theoretical values are ζ = 2/3 (Refs. [3] [4] [5] 
The slope of a Cole-Cole plot in the dynamic slide regime thus equals tan(πβ/2). Our experimental data on the 2 nm Pt/[0.4 nm Co/2 nm Pt] 5 sample indicates a slope of 1 ± 0.1 at small field amplitude and high frequency ( Fig. 2(d) ) and we therefore obtain β = 0.50 ± 0.03, in good agreement with theoretical models.
B. Domain wall slide
The magnetic domain structure in the 40 nm thick and 400 μm wide Co wire after demagnetization is shown in Fig. 3(a) . In this sample, a regular stripe pattern with 180
• domain walls forms. The magnetization aligns along the growthinduced uniaxial magnetic easy axis, i.e., transverse to the wire axis. Magnetization reversal in this sample is much more abrupt than in the 2 nm Pt/[0.4 nm Co/2 nm Pt] 5 multilayer as illustrated by the quasi-static magnetic hysteresis curve in Fig. 3(b) . The application of an ac magnetic field parallel to the uniaxial magnetic easy axis results in alternating sideways motion of the magnetic domain walls. The dynamic response as measured by the magneto-optical Kerr effect susceptometer is summarized in Fig. 3(c) . For small field amplitudes just above the depinning field, the motion of the walls still contains a resistive component. The slope of the Cole-Cole plots at high frequencies, however, increases rapidly when the field amplitude is increased and the Kerr signals become fully imaginary. The vertical segments of the curves in Fig. 3(c) clearly indicate viscous slide motion without any domain wall resistance. The imaginary Kerr signals from this sample are the magnetic equivalent of the imaginary permittivity of superconducting currents. As the driving frequency is decreased in steps, the sideways motion of the walls, and thus the imaginary Kerr signal, increase. Once the walls move about half the domain width away from their zero-field equilibrium position, the domains coalesce and the magnetization of the wire saturates. A further reduction of the driving frequency therefore results in full magnetic switching. The transition from domain wall slide to magnetic switching is abrupt as indicated by the near-instant change in the shape of the Cole-Cole plot from a vertical to a quarter circle segment. For sideways domain wall slide in a regular magnetic stripe pattern, a more quantitative analysis is possible. Below we derive an expression that can be used to extract the depinning field (H d ) and the domain wall mobility (μ w ) from Kerr susceptibility data. In the slide regime, the domain wall velocity is proportional to the applied magnetic field via the domain wall mobility [9] [10] [11] x(t) = μ w H (t).
However, domain wall slide is only activated when the alternating magnetic field (H(t) = H 0 cos(ωt)) exceeds the depinning field H d . As a result, an effective field H eff (t) drives the domain walls during certain periods of the ac field cycle. The effective field is given by
For regular magnetic stripe patterns with an average domain width D (see Fig. 4 ), the time evolution of the magnetization (M(t)) can be written as
where M s is the saturation magnetization. By inserting Eq. (6) into Eq. (8) one obtains the rate equation
which confirms that pure sideways slide motion only produces an imaginary measurement signal. The factor r can be eliminated by normalizing Y to the maximum Kerr signal (V max ) that is obtained for reversible switching between two fully saturated states. In this case, V max is given by a block wave with a peak-to-peak amplitude of 2M s . The quantity measured by the lock-in amplifier for such a signal is
Thus, the normalized imaginary signal (Y n = Y/V max ) is given by
where ω is replaced by 2π f. This result is exact, but can be simplified by considering cos(t 0 )
Using both approximations, the normalized imaginary Kerr signal can be written as
This expression can be used to extract H d and μ w from the experimental data. The left panel of In our experiments, the smallest H d /H 0 ratio is 0.88 and under these conditions the total error from the two approximations is negligible (<3%). However, for smaller H d /H 0 the error increases significantly and the exact solution of Eq. (15) should be used to extract accurate results. A third source of error is the variation in D. In our Co wire, the average domain wall width is 230 ± 140 μm and thus the error ε D is about 60%. In the magneto-optical Kerr effect susceptometer, the average number of domains under study (n) is given by the ratio between the size of the laser spot on the magnetic wire (L) and D. Consequently, the error in μ w (ε μ ) that is introduced by variations in D scales with 1/ √ n and thus
In our setup, L ≈ 1.5 mm which gives an approximate error of 23% in the derived mobility for domain wall slide, i.e., μ w = 0.19 ± 0.04 m 2 s −1 A −1 (or 15 ± 3 ms −1 Oe −1 ). Equation (17) clearly illustrates that the magneto-optical Kerr effect susceptometry method produces accurate domain wall mobility values when the width of the domains is uniform or when D L. We note that the error in the depinning field (μ 0 H d ) is considerably smaller than ε μ because it does not critically depend on ε D . Instead, it is determined by the onset of domain wall motion and this can accurately been extracted from the right panel in Fig. 5 .
In a well-established one-dimensional model of domain wall dynamics, 9, 11 the domain wall mobility is given by μ w = γ /α, where γ is the gyromagnetic ratio, is the domain wall width, and α is the Gilbert damping parameter.
Here, we use this expression to estimate theoretically the domain wall mobility in the 40-nm thick Co wire. Measurements on other Co wires indicate a rapid increase of μ w for a film thickness (t) below about 50 nm. 33 This change in wall mobility signals a transition from a Bloch-type domain wall above the critical thickness t c ≈ 50 nm to a Néel wall at t < 50 nm. 34 For films with t ≈ t c , the width of the domain wall is approximately ≈ t c and for t < t c the width of the Néel wall monotonically increases with decreasing film thickness. 35 Thus, for domain walls in the 40-nm thick Co wire, ≥ 50 nm. The Gilbert damping parameter in the Co film was independently measured by pulse-inductive microwave magnetometry (PIMM). 36 Using the result, α = 0.01, together with = 50 nm and γ = 3.52 × 10 4 ms −1 A −1 gives μ w = 0.18 m 2 s −1 A −1 , which is well within the error margin of the experimental result.
IV. CONCLUSIONS
A novel method based on magneto-optical Kerr effect susceptometry was demonstrated for fast qualitative and quantitative analysis of domain wall dynamics in thin magnetic films. Measurements of the in-phase and out-of-phase components of the complex Kerr signal during ac field excitation directly reveal the active dynamic modes and phase transitions as a function of driving frequency and field amplitude. Moreover, the polydispersivity exponent of domain wall creep can accurately be extracted for thermally activated domain wall motion. Finally, it was shown that regular magnetic stripe patterns could be used to determine accurately the depinning field and domain wall mobility for viscous slide motion. The accuracy of this method depends on the regularity of the stripe pattern and the average distance between the domain walls.
